The Banach contraction principle is the important result, that has many applications. Some authors were interested in this principle in various metric spaces. Branciari A. initiated the notion of the generalized metric space as a generalization of a metric space by replacing the triangle inequality by more general inequality,
INTRODUCTION AND PRELIMINARIES
The Banach contraction principle is the simplest result in fixed point theory [4] . This principle has many applications and was extended by several authors (see [5-10, 12, 14-17, 19, 20] ). Some authors gave the fundamental linear contractive conditions and the fundamental nonlinear contractive conditions by using the notion of F-contraction, and proved fixed point theorems which generalize Banach contraction principle.
Due to the nature of mathematics science, there have been many attempts to generalize the metric setting by modifying some of the axioms of metric spaces. Thus, several other types of spaces have been introduced and a lot of metric results have been extended to new settings. One of the interesting generalizations of the notion of metric space was introduced by Branciari A. Later, most of the authors dealing with such spaces made some additional requirements in order to deduce their results (see [1] [2] [3] ).
In this paper, we prove fixed point theorems for F-contraction and F-weak contraction in complete generalized metric spaces. We also present uniqueness of the fixed point. Definition 1 ( [13] ). Let X be a nonempty set and d : X × X → [0, ∞) a mapping such that for all x, y ∈ X and all distinct points u, v ∈ X, each distinct from x and y:
The concepts of convergence, Cauchy sequence, completeness, and continuity on a generalized metric space are defined below.
Definition 2 ([1]
). Let (X, d) be a generalized metric space.
(i) A sequence {x n } is called convergent to x ∈ X if and only if d(x n , x) → 0 as n → ∞. In this case, we use the notation x n → x.
(ii) A sequence {x n } is called Cauchy if and only if for each ε > 0, there exists a natural number N(ε) such that d(x n , x m ) < ε for all n > m > N(ε).
(iii) A generalized metric space (X, d) is called complete if every Cauchy sequence is convergent in X.
(iv) A mapping T :
Lemma 1 ( [11]
). Let (X, d) be a generalized metric space and let {x n } be a Cauchy sequence in X such that x m = x n whenever m = n. Then the sequence {x n } can converge to at most one point.
Lemma 2 ( [11]
). Let (X, d) be a generalized metric space and let {x n } be a sequence in X which is both Cauchy and convergent. Then the limit x of {x n } is unique. Moreover, if z ∈ X is arbitrary, then lim
Theorem 1 ([13] ). Let (X, d) be a complete generalized metric space and suppose the mapping f : X → X satisfies d( f (x), f (y)) ≤ kd(x, y) for all x, y ∈ X and fixed k ∈ (0, 1). Then f has a unique fixed point x * and lim n→∞ f n (x) = x * for each x ∈ X. Definition 3 ([18] ). Let F be the family of all functions F : (0, +∞) −→ R such that: 
Definition 4 ( [18]
). Let (X, d) be a metric space. A map T : X → X is said to be an F-contraction on (X, d) if there exist F ∈ F and τ > 0 such that for all x, y ∈ X from d(Tx, Ty) > 0 follows that τ + F(d(Tx, Ty)) ≤ F(d(x, y)).
(1)
Theorem 2 ([18]
). Let (X, d) be a complete metric space and let T : X → X be an F-contraction. Then (1) T has a unique fixed point x * ; (2) for all x ∈ X the sequence {T n x} is convergent to x * .
Remark 1 ([18]
). Let T be an F-contraction. Then d(Tx, Ty) < d(x, y) for all x, y ∈ X such that Tx = Ty. Also, T is a continuous map.
THE MAIN RESULTS
In this paper, we prove fixed point theorems for F-contraction and F-weak contraction in complete generalized metric spaces. We also present uniqueness of the fixed point. Theorem 3. Let (X, d) be a complete generalized metric space and T : X → X be an Fcontraction. If F is continuous, then
(1) T has a unique fixed point x * ∈ X; (2) for all x ∈ X, the sequence {T n x} is convergent to x * .
Proof. Let x 0 ∈ X be an arbitrary point. By induction, we easily construct a sequence {x n } such that
If there exists n ∈ N, x n = x n+1 , the proof is complete. So, we assume that x n = x n+1 for all n ∈ N.
Step 1. We shall prove that lim
Substituting x = x n−1 and y = x n in (1), we obtain
Repeating this process, we get
From (3), we obtain lim 
Step 2. We will prove that lim n→∞ d(x n , x n+2 ) = 0. By (1), we have
From (5) we obtain lim 
Step 3. We will prove that x n = x m for all m = n. We argue by contradiction. Suppose that x n = x m for some m, n ∈ N with m = n. Since d(x p , x p+1 ) > 0, for each p ∈ N, without loss of generality, we may assume that m > n + 1. Consider now
It is a contradiction.
Step 4. We will show that in this case {x n } is a Cauchy sequence. Suppose to the contrary. Then, there is an ε > 0 such that for an integer k, there exist natural numbers
For every integer k let m(k) be the least positive integer exceeding n(k) satisfying (7), we get
Now, using (7), (8) and the quadrilateral inequality, we find that
Then, by (4) and (6), it follows that
Applying (1) with x = x m(k)−1 and y = x n(k)−1 , we have
If k → ∞ in the above inequality and using (9) we obtainF(ε) ≤ F(ε) − τ. This contradiction shows that {x n } is a Cauchy sequence. (X, d) is complete, there exists x * ∈ X such that lim
Since T is continuous, we obtain from (10) that
That is lim n→∞ x n+1 = Tx * . Taking into account Lemma 2 we conclude that Tx * = x * . That is x * is a fixed point of T. Now, let us to show that T has at most one fixed point. Indeed if x,y ∈ X be two distinct fixed points of T, that is, Tx = x = y = Ty. Therefore d(Tx, Ty) = d(x, y) > 0, then we get
which is a contradiction. Therefore, the fixed point is unique. 
Remark 2. Every F-contraction is an F-weak contraction on (X, d). But the converse is not true.
Example 1.
Let X = A ∪ B, where A = {1, 2, 3, 4}, B = [5, 6] . Define the generalized metric d on X as follows:
d(x, y) = 0, x = y and x, y ∈ A,
It is easy to show that (X, d) is a complete generalized metric space, but (X, d) is not a metric space because d does not satisfy the triangle inequality for all x, y, z ∈ X. Indeed,
Let T : X → X be given by
Since T is not continuous, T is not F-contraction by Remark 1. For x ∈ A and y ∈ B, we have
and max{d(x, y), d(x, Tx), d(y, Ty)} ≥ 4. Therefore, by choosing Fα = ln α, α ∈ (0, +∞) and τ = ln 3, we see that T is F -weak contraction.
Theorem 4. Let (X, d) be a complete generalized metric space and T : X → X be an F-weak contraction. If T or F is continuous, then (1) T has a unique fixed point x * ∈ X; (2) for all x ∈ X, the sequence {T n x} is convergent to x * .
Proof. Let x 0 ∈ X be an arbitrary point. By induction, we easily construct a sequence {x n } such that x n+1 = Tx n = T n+1 x 0 for all n ∈ N.
Step 1. We will prove that lim
Substituting x = x n−1 and y = x n in (11), we obtain
If there exists n ∈ N such that max{d(x n , x n−1 ), d(x n , x n+1 )} = d(x n , x n+1 ), from (12) becomes
It is a contradiction. Therefore,
for all n ∈ N. That is from (F1), (12) and (13), we get
Thus, from (12), we have
for all n ∈ N. Taking the limit as n → ∞ in (15), we get lim
Step 2. We will prove that lim
By (11), we have
By (14) and from (F2), we have
Take a n = d(x n , x n+2 ) and b n = d(x n , x n+1 ). Thus, from (18)
Again, by (14) b n ≤ b n−1 ≤ max{a n−1 , b n−1 }. Therefore max{a n , b n } ≤ max{a n−1 , b n−1 }, for all n ∈ N. Then the sequence {max{a n , b n }} is monotone nonincreasing, so it converges to some t ≥ 0. Assume that t > 0. Now, by (16) lim n→∞ sup a n = lim
Taking n → ∞ in (19) , since F is continuous,
which is a contradiction, that is (17) is proved.
If max{d(
Step 4. We will prove that {x n } is a Cauchy sequence, that is
From (F3), there exists k ∈ (0, 1) such that
By using (15) and from (21), we have
for all n ∈ N. By using (16), (21) and taking the limit as n → ∞ in (22), we get
Then there exists n 1 ∈ N such that n(d(x n+1 , x n )) k ≤ 1 for all n ≥ n 1 , that is
From (16) and (17) the cases p = 1 and p = 2 are proved. Now, take p ≥ 3 arbitrary. It is sufficient to examine two cases. Case 1. Suppose that p = 2m + 1 where m ≥ 1. Then, by using step 3 and the quadrilateral inequality together with (24), we get 
Since the series 
